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Abstract. We introduce Liouville measures and Duistermaat-Heckman measures for 
Hamiltonian group actions with group valued moment maps. The theory is iUustrated 
by apphcations to moduh spaces of flat bundles on surfaces. 



1. Introduction 

One of the fundamental invariants of a Hamiltonian G-manifold M in symplectic 
geometry is the Duistermaat-Heckman (DH) measure on the dual of the Lie algebra g*, 
defined as the push-forward of the Liouville measure under the moment map. The DH- 
measure encodes volumes of reduced spaces, and by the Duistermaat-Heckman theorem 
[12] its derivatives describe Chern numbers for the corresponding level set. 

The purpose of this paper is to develop a theory of Liouville measures and DH measures 
for Hamiltonian G-manifolds (M, tu, $) with group valued moment maps $ : M ^ G as, 
introduced in [1]. The basic examples of such spaces are conjugacy classes C C G, with 
moment map the inclusion into G. Since we allow G to be disconnected, these include all 
compact symmetric spaces (up to finite covers). Another example is the space G^'^, with 
moment map the product of Lie group commutators, (oi, 6i, . . . , a^, i-^ Hjl'^i'^i]- 
There is a notion of reduction for group valued moment maps, and the reduced spaces 
M//G = ^~^{e)/G are symplectic. For instance, G'^^//G is the moduli space of flat 
G-bundles over a surface of genus /i, with its natural symplectic structure [51 E]- 

The 2-form uj for a space with group valued moment map is usually degenerate. The 
kernel of uj is controlled by the minimal degeneracy condition, involving the moment 
map $. If the group G is 1-connected, we obtain a volume form as the top degree part 
of 

r = e"^ $*T, 

where T is a differential form on G constructed from the homomorphism G Spin(g). In 
[1], the formula for the volume form is heuristically obtained as a Feynman integral over 
the path fibration P^G G. For general compact groups G, group valued Hamiltonian 
G-manifolds are not necessarily orientable: an example is the conjugacy class in S0(3) 
consisting of rotations by vr, which is isomorphic to the real projective plane. In such 
cases, we can still define F as a form with values in the orientation bundle, and obtain 
a nowhere vanishing density on M. We call this density the Liouville measure, and its 
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push-forward to G the DH measure of (M, c<j,$). Just as in the 0*-valued theory, the 
DH-measures describe volumes of reduced spaces. One of our main resuhs says that the 
Liouville measure for a product of two spaces with group valued moment map is equal 
to the direct product of the Liouville measures, and consequently the DH-measure is the 
convolution on G of the DH-measures of its factors. 

For the example G"^^, we show that the Liouville measure coincides with Haar measure. 
The push-forward of Haar measure on G'^^ under the map (ai, bi, . . . ,ah, hh) ^ Y\j[0'ji bj] 
gives Witten's Fourier series Equation (2.73)]. Witten, Bismut-Labourie [9j and Liu 
[18] use a Reidemeister torsion calculation to identify this expression with the symplectic 
volume of moduli spaces of flat G-bundles over surfaces. Our construction provides a 
purely symplectic approach to the Witten volume formulas, and gives an extension to 
disconnected compact Lie groups. 

Acknowledgment: We thank N. Berline and B. Kostant for discussion, and M. Vergne 
for a number of helpful comments on this paper. 



Notation. 

Throughout this paper G denotes a compact Lie group, and G" its identity component. 
The left/right invariant Maurer-Cartan forms on G are denoted 9^,9^ G Q^{G,g). We 
fix an invariant inner product on the Lie algebra g of G. The corresponding Riemannian 
measure on G will be denoted dvolc, and the Riemannian volume volG. 

A G- manifold is a manifold M together with a group homomorphism (p : G —>■ Diff (M) 
such that the action map G x M — > M, {g, m) g.m := (f){g){m) is smooth. We denote 
by Gm the stabilizer group of m G M and by its Lie algebra. Given ^ G 0, we 
denote by the corresponding generating vector field: ^A/(m) = ^|t=o exp(— t,^).m. 
Let VLg{M) be the Cartan complex of equivariant differential forms on M. Thus VtciM) 
is the space of equivariant maps a : g ^ fi(M), with equivariant differential (dGQ;)(0 = 

(d+6(eM))«(0- 

2. Group valued Hamiltonian G-manifolds 

In this Section we recall the definition of a space with group valued moment map, and 
describe the main examples. We refer to [Ij for proofs and further details. 

2.1. Definition of a group valued Hamiltonian G- manifold. Let G be a compact 
Lie group, acting on itself by conjugation. The canonical closed 3-form 

(1) r^ = ^^9^.[9\9^] 

on G extends to an equivariantly closed equivariant 3-form, 

(2) VG{0 = v + \{e'^ + e'')-i. 
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Definition 2.1. A group valued Hamiltonian G-manifold (called quasi- Hamiltonian in 
PPj is a triple (M, 1^7,$) consisting of a G-manifold M, an invariant 2-form uj, and an 
equivariant map $ G C°°(M, G)*^ such that 

(3) dcuj = $*?7g 

and such that for all m G M , kertUm = {^j\/(m)| (Ad$(m,) +1)^ = 0}. 
Condition ([3]) splits into duj = and the moment map condition 

(4) ,(^,,)^ = l$*(^^ + ^i?).^ 

Equation (jlj) requires keiUm ^ {^m(^)| (Ad$(m) +1)^ = 0}; for this reason the condition 
in Definition 12.11 is called the minimal degeneracy condition. If G = T is a torus, one 
recovers the usual definition of a symplectic T-manifold with torus valued moment map. 

2.2. Conjugacy classes, symmetric spaces. Basic examples for spaces with group 
valued moment maps are G-conjugacy classes C. The moment map $ is the embedding 
into G and the 2-form is given by 

(5) ioi^cig), Ccig)) = -\ (Ad, - Ad,-Oe ■ C 

{g G C). The homogeneous group valued Hamiltonian G-manifolds are exactly the G- 
equivariant covering spaces of conjugacy classes. More generally, given a Lie group 
automorphism ifj G Aut(G) one defines twisted conjugacy classes to be the orbits of the 
action 

Mt{g) = mgh-\ 

The twisted conjugacy classes are ^/'-invariant since il){g) = Ad^{g). Note Ad^(e) = 
G/G^. Taking ijj to be an involution we see that every compact symmetric space for G 
is a twisted conjugacy class, up to finite cover. 

Suppose ip has finite order k, and embed Z^. ^ Aut(G) as the subgroup generated by 
tp. For any g E G, the map G — > K G, g ^ {il)~^,g) takes the twisted conjugacy class 
of G to conjugacy classes of the disconnected group ix G. In particular, ii ip = ip~'^ 
is an involution, the identification of the symmetric space G/G"^ as a conjugacy class of 
Z2 K G is given by the map $ : xG^ ^ {ip, ip{x)x~^). Note that the 2-form u given by ([5]) 
vanishes for symmetric spaces. The group G itself is a symmetric space for G x G, where 
ipi^a, b) = (6, a). Thus G becomes a group valued Hamiltonian Z2 k (G x G) space, with 
2-form uj = 0, moment map a {tp, a, a~^) and action {gi, g2)-a = g2ag^^, ip.a = a~^. 

2.3. The four-sphere. Let G = SU(2) and M = S"^ the unit sphere in ^ x R, 
with SU(2)-action induced from the defining action on C^. In Appendix A we show that 
M carries the structure of a group valued Hamiltonian SU (2) -manifold, with moment 
map $ : S"^ ^ SU(2) = the suspension of the Hopf fibration S^. 
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2.4. Exponentials. Let (M, cuq, $o) be a Hamiltonian G-manifold in the usual sense. 
That is, Uq is a G-invariant symplectic form, and $o • M —>■ q* is an equivariant map 
satisfying the moment map condition, l{^m)^o = d$o " ^, using the inner product to 
identify g* = q. Let w G ^"^{q) be the image of exp* 77 under the de Rham homotopy 
operator The triple (M, cjo + '^'o^, exp($o)) satisfies the axioms for 
a group valued Hamiltonian G-manifold, except possibly for the minimal degeneracy 
condition. It turns out that u = ujq + is minimally degenerate if and only if the 
exponential map has maximal rank at all points of ^q{M). This construction takes 
(co-)adjoint G-orbits in g* = g to conjugacy classes for G. 

2.5. Products. Suppose (M, u, ($1, $2)) is a group valued Hamiltonian G x G-manifold. 
Then M = M with diagonal action, moment map $ = $i$2; and 2-form 

u = u- ^<^i0^ ■ 

is a group valued Hamiltonian G-manifold. If M = Mi x M2 is a direct product of two 
group valued Hamiltonian G-manifolds, we call M = Mi ® M2 the fusion product of 
Mi,M2. 

2.6. The double. View G as a group valued Hamiltonian Z2 x (G x G)-manifold as 
above. The fusion product G ® G has moment map 

(01,02) ^^ {ip,ai,ai^){ip,a2,a2^) = (e, a5'^a2, Oifl^^). 

Since the moment map takes values in G x G C Z2 x (G x G), we can restrict to the 
G X G-action, and consider G ® G as a group valued Hamiltonian G x G-manifold. 
Denoting a := 6 := 02 the moment map reads 

(a, b) i-^ (ab, a^^b^^) 

and the G x G-action is 

{9i,92)-{a,b) = {giag2^,g2bgi^). 

This is the double D{G) introduced in [Ij. Passing to the diagonal action, we obtain 
a group valued Hamiltonian G-manifold D{G), with G acting by conjugation on each 
factor and moment map the Lie group commutator, (a, 6) 1— >■ [a,b] = aba~^b~^ . 

2.7. Reduction. Suppose (M, cj, ($, \E')) is a group valued Hamiltonian G-manifold. 
Then e G G is a regular value of $ if and only if the action of G on $~^(e) is locally free, 
and in this case the symplectic quotient M//G = $~^(e)/G is a symplectic orbifold, with 
symplectic form induced from u. If one drops the regularity assumption, M//G acquires 
more serious singularities and is a stratified symplectic space in the sense of Sjamaar- 
Lerman. More generally, if C C G is a conjugacy class, let C~ be its image under the 
inversion map g 1— g~^. Then e is a regular value for the action on M®C~ if and only if C 
is contained in the set of regular values of $. We define Mc = {M®C')//G = <I>"^(C)/G. 
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3. LlOUVILLE MEASURES 

Since the 2-form u; of a group valued Hamiltonian G-manifold (M, cj, <l>) may be de- 
generate, its top exterior power does not define a volume form, in general. We will show 
in this Section that if the adjoint action G 0(g) lifts to the group Pin(0) (e.g. if G is 
1-connected), then M carries a volume form {e^(^*T)^top] where T is a certain differential 
form on the group G. In the absence of such a lift, one still obtains a nowhere vanishing 
measure v on Af , called the Liouville measure. 

3.1. Volume forms. We recall the definition of the double covering Pin(0) — > 0(g) as 
a subset of the Clifford algebra [7]. Let Cl(g) be the Clifford algebra of g with respect 
to —1/2 the inner product on g. If Cj is a given orthonormal basis of g, and Xi the 
corresponding generators of Cl(g), the defining relations of Cl(g) read, XiXj +XjXi = Sij. 
The group Cl(g)^ of invertible elements acts on Cl(g) by the twisted adjoint action 

Ad{x)y = a{x)yx-\ x G Cl(g)^ y G Cl(g) 

where a : Cl(g) Cl(g) is the parity operator, i.e. a{x) = x for x even and a{x) = —x 
for X odd. Let Pin(g) C Cl(g)^ be the subgroup generated by elements ,^ G g C Cl(g) 
with ^ ■ ^ = 2. The action Ad restricts to an isometry of Pin(g) on g C Cl(g), and Ad : 
Pin(g) — s> 0(g) is a double covering. The group Pin(g) has two connected components, 
given as intersections Spin(g) = Pin(g) fl Cl(g)oven and Pin(g) fl Cl(g)odd- 

Let us assume that the adjoint action Ad : G — 0(g) lifts to a group homomorphism 
r:G^Pin(g): 

Pin(g) > Cl(g) 

G'^O(g) 

The restriction of r to the identity component takes values in Spin(g) and is given by 
the formula 

(6) r(exp /i) = exp{~y^JijkfiiXjXk). 

where fijk = [e,, ej] ■ Ck are the structure constants. Let Ag be the exterior algebra, with 
generators yi and relations yiyj + yjyi = 0, and a : Cl(g) Ag the symbol map, taking 
■ ■ ■ Xi^ to yi^ - ■ ■ yi^ for zi < ■ ■ ■ < ig. Denote by si/2 : Ag ^ Ag the linear map equal 
to multiplication by 2~' on A'g. We define T G VL{G) to be the differential form 

(7) r ■=si,2oaoT eG^{G,AQf ^n{Gf, 

using the isomorphism defined by right-invariant (or equivalently left-invariant) differ- 
ential forms. That is, the value of T at is obtained from a{T{g)) by replacing the 
variables yi with ^{Oj^)g, where = 9^ ■ Ci are the components of the right-invariant 
Maurer-Cartan forms. Our main theorem reads: 
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Theorem 3.1. For any group valued Hamiltonian G-manifold {M,uj,^), the top form 
degree part of the differential form 

(8) r = exp{uj)^*T. 

is a volume form on M. On the subset where uj is non- degenerate, we have 

The signs depend on the choice of lift r. 

The proof of this Theorem is given in Section 13.21 

Remark 3.2. The volume form depends not only on the 2-form but also on the moment 
map. If c G Z{G) is a central element, then $' = c<l> is a moment map for the same 
group action and 2-form uj. Since r is a group homomorphism, T' = T(c)r. We have 
r(c) = ±1 since Adc = 1. Therefore, the new volume form rj^jj^^^^j differs from rjdimM] 
by the sign of t(c). 

If G is connected, we can be more precise. Let T be a maximal torus of G, with 
Lie algebra t. Choose a system of positive (real) roots, and let p G t* be their half- 
sum. It is known that the adjoint action Ad : G SO(0) lifts to a homomorphism 
r : G ^ Pm{g) if and only if p is in the lattice of weights for T. The character Xp of 
the p- representation Vp defines a smooth square root of g det(Adg +1): 

^ = det^/^(^^). 
dim Vp 2 

We have the following extension of Theorem 13. It 

Theorem 3.3. Suppose G is a compact connected group, and assume that p is a weight 
for G. Let {M,uj,^) be a group valued Hamiltonian G-manifold (M, Then M is 

even-dimensional, and carries a canonical volume form. On the subset where $*Xp 7^ 0, 
the volume form is given by 



dim Vp 



exp(t^j[dimAf]- 



3.2. Proof of Theorems 13.11 and 13.31 We first give a more explicit description of the 
differential form T. For any subspace s C g with a given orientation let 

dvoU G A'^'^'^s 

denote the Riemannian volume form. Also, for any endomorphism A of Q preserving 
3 we denote detg(yl) := det(A|5). Given g E G let denote the ±1 eigenspaces of 
Adg : — > 0, and g' the orthogonal complement of 0~ © 0^. Thus 

(10) = 0'©0"©0+. 



"'^In fact, p is a weight if and only if G/T admits a G-equivariant Spin structure (cf. [13] for discussion 
and references). 
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Accordingly, decompose / = (1, . . . , dimg) as / = /' U U where I' denotes the first 
dimg' indices, /~ the following dimg" indices, and the remaining dimg"*" indices. 
Choose an orthonormal basis e,, z G / of g such that the basis vectors labeled by 
span g', g~, g"*", respectively. For any linear map A: g ^ g we denote by Aij = Cj ■ A{ej) 
its components. We denote by 9f = 6^ ■ Ci and 0^ = 9^ ■ et the components of the 
Maurer-Cartan forms. On g' the operator ^^j""!^ is well-defined and invertible. 

Lemma 3.4. At any point g E G, the form T is a product ±T'T^ , where 

(11) ^- _ 2-^'"^0"/2 Y^0R 

inl- 
and 

(12) T = |det, (^) I exp ( - i E "f ) ■ 

i,jer ^ 

(The sign ± depends on the choice of lift and on the orientation on g" defined by the 
choice of basis.) IfG is connected we have the formula, valid on the subset where Xp 7^ 0, 

(13) r = exp f - 1 V (^tl) . ,0W) . 

Proof. Write Ad,, =: S = S'S~, where 5" = - Idg- G O(g-) and S' G SO(g'). The 
product 

iei- 

is a lift of S~, with symbol <j{S~) = 2'^™^ Hie/- ^ special case of [SI Proposition 

3.13], the symbol of any lift S' G Spin(g') of S' is given by a formula 

-(^')=± idet(^)r/^xp(- j: 

i,jer 

where the sign depends on the choice of lift. Replacing the variables Vi E Q with \{0^), 
the first part of the Lemma follows. Equation f|T3|) is a special case since g^ = {0} on 
the set where xp 7^ 0; the sign is verified by evaluating ai g = e. □ 

Proof of Theorem \3.1\ Given m G M let = $(m). From (ITOl) we obtain the following 
splitting of the tangent space 

(14) T^M = E®Q^ = E®q' 

Here g^ = g' © g~ is the orthogonal complement of the stabilizer algebra g^, embedded 
by the generating vector fields ^ ^ ^uijn), and E = {v E TmM\ l{v)^*9^ G g^} is 
the pre-image under dm$ of the tangent space of the stabilizer group Gg. The moment 
map condition shows that this splitting is tu-orthogonal and identifies kert^^ — In 
particular, the 2-forms ue = uj\e and u' = uj\g' are symplectic. 
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We will show that in terms of the splitting T^M = E Q) gf, the value of F at m G M 
is given by the formula 

(15) (r„^)[dimA/] = ±|detgx(Ad<, -1)1^^^ iexpujE)[dimE] A dvolg± . 

In particular, ( fT5|) shows that r[dimAf] is a volume form. Consider the splitting T^M = 
E (B q' (B Q~ and the corresponding decomposition F = ±e'^-^ FT" with F' = (expci;')T' 
and F^ = T^. (We are dropping the base point m G M from the notation.) The form 
uj' is determined by the moment map condition, and is given by 



i,jer 



Indeed, since Li9f = (Ad^ it is easily verified that Liu' = ^{6^ + 6^)i for all i G /', 

as required. Using (IT^ and the following equality of operators on g'. 



Adg +1 Adg -1 _ 4 



we obtain 



Adg -1 Mg +1 Mg " Adg-1 



I V 2 ^1 ^ ^/Ad„ - Ad„-i^*^ ^' 



Thus 

-1/2 



(n,i.,] = ±idev(^)r/^idet,(^^-^^)r/^n^^^ 

(16) = ± |detg,(Ad,-l)p'/'n^^ 

This expression combines with F^ = to a factor, 

(r'F-)[di^gX] = Idetgx (Ad, -1) P'/' n = (Ad^ -1) r^'d volgx, 

ie/'u/- 

where we have used ^ with 2'i''^0" = |det0-(Adg -1)|, and L,ef = (Adg-l),^-. This 
proves f|T5l) . For ([9]), assume that Um is non-degenerate, that is kercj^ — = {0}. We 
have 

(exp..')[d..,']=±idet,(i ^)r/^ne 

^ iei' 

Comparing with f|T6l) . this shows 

(r')[dim0'] = ± (exp^')[dim0'] |detg.(^^^|^)|"^^^ 
which yields (|9]). □ 
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Proof of Theorem \3.3[ Since G is connected, the lift t : G ^ Spin(g) is unique. More- 
over, since Spin(0) C Cl(0)even5 the form T, hence also F, vanishes in odd degrees. The 
formula for rjdim Af] is obtained by using the expression (fT3l) for T in the proof of Theorem 
13. H and keeping track of the signs. □ 

3.3. Products. From the differential form expression ([8]), it is not obvious how the 
volume forms behave under the fusion operation from Section 12.51 In particular, there 
is no simple relation of the product $]^T$2^ with ($i$2)*'^- It will be convenient 
to work with an equivalent expression for T involving the Clifford algebra Cl(g). Let 
Pj^^j. : 01(0) M denote horizontal projection, i.e. the linear map defined by -Pi^r(l) = 1 
and Pj^'rl^ii • • • ^iJ =0; where ji < j2 < ■ ■ ■ < js- For any Z2-graded space A it extends 
to a linear map Pj^'j, : C1(0) ® A A (graded tensor product). Observe that for any 
ji < 32 < ■ ■ ■ < js, the operator P^^^ : C1(0) ® Ag Ag takes 

g Ei 'y^-Xj-^ ■ ■ ■ Xj^ = J^(l ~ '^Xiyi)xj-^ ■ ■ ■ Xj^ = (xj-^ ~^ Vji) ' ' ' {^js + Vja) 

i 

to yj-^ ■ ■ -yj^ = cr(xjj ■ ■ -XjJ. This shows Pi^^j.(e~^^»^''^'r) = cr(r). Replacing yi with ^9f- 
we obtain, 

(17) T = P,c„Ue-S^-^^). 

Theorem 3.5 (Products). Let (M, a;, ($1, $2)) be a group valued Hamiltonian G- 
manifold and (M, u;,$) its fusion as defined in \2.5[ The corresponding forms F,F are 
related by 

(18) f = exp(-i^4.,2)F. 

i 

where l\ are the contraction operators for the action of the first G-f actor on M , and 
those for the second G -factor. In particular F[dimM] = F[dimM]- 

It follows that the volume form of a fusion product Mi ® M2 is the product of the 
volume forms of Mi, M2. 

Proof. We will need the following two identities from [21 Section 5.3], both of which are 
verified by straightforward calculation: 

(19) $*(e-E.-.ef^)^*(g-E.-.ef^) = e-^*^^"*^^"($i$2)*(e-S-^-^"r) 

(20) ^^^ + ,^ + ]^^ef + ef)){e-^.^^'fr)=Q. 

Here li : Vt{G) —>■ Q{G) are the contraction operators for the conjugation action, and 
tp' = ad(a;j) the contraction operators for the Clifford algebra. From (120]) and the 
moment map condition we obtain 

(21) {if + 6i)(e"$*(e-^^"^'fr)) = 0. 
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Since ui 
(22) 



UJ 



1$*^^ ■ Equation (dH) gives 

= ^hoXe'^t (e" ''^'^t)% (e- ^^'^t)) 



where Pj^^ is horizontal projection for the exterior algebra Ag. Let l^^ = L^ei) be 
the contraction operators for the exterior algebra. The symbol map takes the Clif- 
ford product on C1(0) to the product on on Ag given by application of the operator 
exp(— i if^'^if®'^) on Ag ® Ag (where the superscripts refer to the Ag-factor), fol- 
lowed by wedge product (see [17, Theorem 16], or [2i Lemma 3.1]). Because of (pTj) 
we may replace exp(— | if^'^if ^'^) with exp(— | tlif) everywhere, which then com- 
mutes with P^^j.. Equation fl22l) becomes 

f ^ e-^^^''''P(;^^^{e''a{^l{e-^^''^'^T))a{me-^^='^'^T))). 

Since Pj^^ is a ring homomorphism, this is equal to exp(— ^ J2i 4 '•?)(6'^'^i^'^2'^)) proving 
the Theorem. □ 



3.4. General case. For general compact Lie groups G, a lift r : G ^ Piii(g) of the 
adjoint action need not exist. We will now show that for any group valued Hamiltonian 
G-manifold (M, u, $), the form F may be defined as a form with values in the orientation 
bundle om- Recall that om is the real line bundle associated to the oriented double cover 
of M. One defines the space of twisted differential forms f^t(M) = f^(M, om) as sections 
of f\T*M®OM- The space VLt{M) is naturally isomorphic to the space of differential forms 
on the oriented double cover of M that are anti-invariant under deck transformations. 
The real line bundle /\dimM2i*j\^ ® om is isomorphic to the density bundle of M; hence 
the space f2^™^(M) is just the space of densities (smooth measures) of M. 

Define double coverings ttg : G —>■ G and ttm '■ M M by the pull-back diagram 

M^^G — ^Pin(g) 



M^G^O(g) 

Write kerTTG = {e,c}. The conjugation action of G on G and the action of G on M 
define an action on the fiber product M. Let Q be the pull-back of u. Then {M,uj, $) 
is a group valued Hamiltonian G space, with ker ttq acting trivially. The construction in 
13.21 defines a differential form F on M, for which T^^i^m] is a volume form. 

Let S : M — > M be the non-trivial deck transformation. Then 5* is G-equivariant, 
preserves the 2-form Q, and changes the moment map by 5**$ = c$. Thus 



S*T = r(c)F = -F. 
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In particular, S changes the orientation of M. This identifies M with the oriented 
double cover of M. The form F descends to a form F G Qt{M), with top degree part a 
strictly positive measure. We call z/ := F[dimAf] the Liouville measure, and its integral 
Vol(M) := Jj^j V the Liouville volume. 

The fusion formula 13.51 holds in this more general context; in particular, the Liouville 
measure v for the "fused" space M coincides with the original Liouville measure v. 

3.5. Conjugacy classes. Going back to the proof of Theorem 13. we obtain the fol- 
lowing formula for the Liouville measure of a conjugacy class in G: 

Proposition 3.6. The Liouville volume of the conjugacy class C G G of g G G is given 
by the formula 

(23) Vol(C) = |det,x(Ad,-l)|i^. 

where vol G and vol Gg are the Riemannian volumes for the given inner product on Q, 
and is the orthogonal complement of the stabilizer algebra of g. 

Proof. By passing to a cover if necessary, we may assume that G admits a lift t : G ^ 
Spin(0). The formula follows directly from Equation (fTSl) in the proof of Theorem 13.11 
since the subspace E is trivial in this case. □ 



The formula (1231) is similar to the well-known formula for the symplectic volume of a 
coadjoint orbit O = G ■ fi C g* = q: 

(24) Vol(0) = |det,.(ad,)|^^ 

3.6. Exponentials. Let J : g ^ M the determinant of the Jacobian of the exponential 
map exp : q ^ G, 

and i-i^g 

unique smooth square root equal to 1 at the origin. Suppose J{^) ^ 
so that exp has maximal rank at ^. The conjugacy class G. exp(^) is the group valued 
Hamiltonian G-manifold corresponding (in the sense of l2.4l) to the (co)-adjoint orbit G.^. 
Equations (J23i) and (|24l) show that 

Vol(G. exp 4) 

This generalizes, as follows: 

Proposition 3.7. Let (M, cuq, $o) a Hamiltonian G-manifold, with Liouville measure 
Uq. Suppose 7^ everywhere, and let (M, C(j,$) the corresponding group valued 

Hamiltonian G-manifold. Then the Liouville measure o/(M, u;,$) is given by 
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Proof. We may assume that G is connected and that it admits a hft t : G ^ Spin(g). 
We compare the two measures at some point m G M. Again we go back to Equation f[T^ 
from the proof of Theorem 13 .![ Let ^ = ^o{m) and i) = Q( = flcxp^- The sphtting T^M = 
E (B is both tuo-orthogonal and cu-orthogonaL By the moment map condition, the 
restriction of cuq to f)-*" is given by the skew-adjoint operator ad^. Hence, its top exterior 
power is ±|det[,x(ad^)|^ dvolf|±. Together with f|T5l) this proves the Proposition. □ 

4. Duistermaat-Heckman measures 

4.1. Volumes of symplectic quotients. For any compact group valued Hamiltonian 
G-manifold (M, u;, $) we define the Duistermaat-Heckman (DH) measure as the push- 
forward of the Liouville measure u = Ti^iiraM] under the moment map, 

m = G S'{Gf. 

By general properties of push-forwards, the singular support of m is contained in the 
set of singular values of $. Similar to the DH-measure for g*-valued moment maps, the 
measure m encodes volumes of reduced spaces. Recall that G.m C M is called a principal 
orbit if the stabilizer groups for all orbits in a neighborhood of G.m are conjugate to 
Gm- The stabilizer group H = Gm. is called a principal stabilizer. The union Mprin of 
principal orbits is open and dense in M. If M/ G is connected, then Mprin/ G is connected 
and any two principal stabilizers are conjugate. 

Theorem 4.1. Let (M, cj, $) be a compact group valued Hamiltonian G-manifold. As- 
sume that the orbit space M/G is connected and that the principal stabilizer groups are 
finite. Suppose each component of ^^^{e) meets Mprin- Then m is continuous on a 
neighborhood of e, and the volume of the (possibly singular) symplectic quotient M//G is 
given by 

(25) Vol(M//G) ^ 



vol G dvolc 

where k is the cardinality of a principal stabilizer. 

Proof. We may assume that (M, C(j,$) is the exponential of a Hamiltonian space 
(Mo, ujo, $o)- The symplectic quotients M//G and Mq//G coincide. Since v = $q| J^/^| vq, 
the DH-measures are related by m = exp^trio. Since J(0) = 1, we have 



, '"i = L. Hence, fl25l) follows from the well-known statement for Hamiltonian 

a vole le dvolg 10 ' ^ ' 

G-manifolds. □ 

The right hand side of (!25l) can be re-expressed as a Fourier series. Let Irr(G) denote 
the set of equivalence classes of irreducible unitary G-representations. For A G Irr(G') let 
X\ denote the character of the corresponding irreducible representation V^. The measure 
m is determined by its Fourier coefficients (m, xa), 

^ Aelrr(G) 
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In general, this sum need not converge as a continuous function at g = e. We therefore 
proceed as in Liu's paper [IB] and apply a smoothing operator e*^, t > to m, where 
A is the Laplace-Beltrami operator on G. Then \imt^Q+{e^^m)\e = m|e, so that 

(27) Vol(M//G) = — ^ hm V 6"*^^ (m, xa) dim 

vol t^o+ ^-^ 

AGlrr(G) 

where p(A) is the eigenvalue of —A on the character xx- If G is connected, the irreducible 
representations are labeled by the set of dominant (real) weights A G t*, and 

p(X) = \\X + pf-\\pf. 

In the general case, Vx splits into a direct sum of irreducible representations of the 
identity component G° with highest weights Aj, and p(A) = ||Ai + — ||p|p for any i. 

If the Fourier coefficients (m, x\) decrease sufficiently fast as p(A) oo, the conver- 
gence factor may be omitted and one has a simpler formula 

(28) Vol(M//G) = -^ J2 {^^Xx)dimVx. 

Aelrr(G) 

Suppose G is connected, and view A as a weight. By the Weyl dimension formula, dim Vx 
is a polynomial of degree dimG — rankG in A. Hence a sufficient criterion for absolute 
convergence is (m, xa) < C| |A| l^'^™'^"" for some constants C > 0,e > 0. 

4.2. Fusion. By Theorem 13. 5[ the Liouville measures u and z/ on a group valued Hamil- 
tonian G x G space M and on its fusion M coincide. Therefore, if M is compact, the 
DH-measures m G S'{G x G) and m G S'{G) are related by push-forward under group 
multiplication Multc : G x G ^ G, and the Fourier coefficients are 

(29) (m,XA) = (dimrA)-i(m,XA®XA). 

In particular, the DH-measure for a fusion product Mi ® M2 ■ ■ ■ ® is given by convo- 
lution, mi * m2 * ■ ■ ■ * trir, with Fourier coefficients 

(30) (mi*---*mz,XA) = {dimVxf-' \{{mj . xx) ■ 

i=i 

4.3. Examples. In this section we compute the DH-measures for a number of examples, 
including the space G"^^ x Ci x ■ ■ ■ x C,. related to the moduli space of flat bundles on a 
surface of genus h. We begin with twisted conjugacy classes. 

Proposition 4.2. Let ip G Aut(G) be an automorphism of finite order k, and use the 

same notation for the induced automorphism of g. Given g E G, let H be the stabilizer 
of g under the twisted adjoint action. The Liouville measure of the twisted conjugacy 
class C = AdQ^g) is equal to the Riemannian measure of the homogeneous space G/H 
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times a factor |detc(Adg — '?/')| 2 , where c C g is the orthogonal complement of the kernel 
of (Adg —ip). That is, 

Vol(C) = |det,(Ad,-V^)|5^. 

Proof. View C as a conjugacy class of {ip~^, g) for the semi-direct product ZkXG defined 
by ip. The adjoint action of (ip'^yg) on g is given by Ad(^-i^g)^ = ■?/'~^(Adg(^)). The 
automorphism ip : Q ^ Q induces an isometry from the orthogonal complement of 
i) = ker(Ad(^-i_g) —1) onto c. Therefore, 

det(,±(Ad(^-i,g) -1) = detc(Adg -iIj). 

□ 

Proposition 4.3. The Liouville measure of the symmetric space G/G^' is equal to its 
Riemannian measure times a factor, 2'^™('^/'^''')/^. 

Proof. In this case, c = ker(l — ip)^ is the —1 eigenspace of ip. Therefore |detc(l — = 

2dim{G/G'l') Q 

Proposition 4.4. The Liouville measure of G, viewed as a symmetric space for the 
involution ilj{a,b) = {b,a) of G x G, coincides with its Riemannian measure. 

Proof. By Proposition 14. 31 the Liouville volume is equal to 2'^'™'^/^ vol(G')^, divided by the 
Riemannian volume of the diagonal subgroup {G x G)"^. Since the induced Riemannian 
metric of (G x G)"^ = G is twice the Riemannian metric of G, its volume is 2'^™'^/^ vol G. 

□ 

Proposition 4.5. The Liouville measure for the double D{G) and for its fusion D{G) 
coincide with the Riemannian measure of G x G. The Fourier coefficients of their DH- 
measures are 

{^DiG), X\ ® Xm) = vol G^ 5a,m 

volG^ 

^^^^io)^^'^ = dim^ 



Proof. The identification of Liouville measures and Riemannian measures follows from 
Proposition 1131 since fusion does not change the Liouville measure (Theorem [33]). Hence 
the DH-measure TaD{G) is the push-forward of the Riemannian measure on G^ under 
the moment map {a,b) 1-^ {ab,a~^b~^). Its Fourier coefficients are obtained from the 
calculation, 

(mD(G),XA ® Xm) = / xx{ab)x^{a'^b'^)dvo\GxG = volG 5a,m 

JgxG 

where we have used conjugation invariance and the orthogonality relations for irreducible 
characters. The formula for the DH-measure of D{G) follows from (l29l) . □ 
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Proposition 4.6. Let Ci, . . . ,Cr be a collection of conjugacy classes in G and gj G Cj. 

The Liouville measure of the fusion product 

(31) M = D{G)®---®D{G)®Ci®---®Cr 



(with h > factors of D{G)) is equal to the Riemannian measure of G^^ x G/Gg^ x 

-1^|l/2 



■ ■ • X G/Gg^, times a factor YVj=i M^^e^X^'^Sj ■ Fourier coefficients of its 

DH-measure m G £'{G) are given by the formula, 



(32) (m,XA)=volG 



2. n;=iVoi(g.)xA(c,) 

(dimFA)2'^+'^-i 



Proof. This follows directly from Propositions 13.61 and 14.51 together with the formula 
(1301) for the Fourier coefficients of convolutions of invariant measures. □ 



5. Moduli spaces of flat bundles over surfaces 

5.1. Connected semi-simple groups. Let S be a compact, oriented surface of genus h 
with r boundary components, and let C = (Ci, . . . , Cr) be a collection of conjugacy classes 
in G. Denote by A^g(S,C) the space of isomorphism classes of fiat G-bundles over E, 
with holonomy around the jth boundary circle in the conjugacy class Cj. The Atiyah- 
Bott [S] construction shows that A^g(S,C) is a compact symplectic space (sometimes 
singular). A^g(S,C) may also be obtained [1] as a symplectic quotient of a group valued 
Hamiltonian G-manifold 

(33) Mg{^,C) = M//G 

where {M,uj,^) is the group valued Hamiltonian G-manifold defined in ( l3Ti) . Recall 
that the G-action on M is given by conjugation on each factor in flHTl) . In particular, 
the center Z{G) C G acts trivially. 

In the following discussion we will make the assumption (*): Each component of $~^(e) 
contains at least one point with stabilizer equal to Z{G). {*) implies that the number 
k in (128|) is equal to jj^Z{G). {*) is automatic ii h>2. Indeed G can be generatecO by 
two elements in G, and the commutator map (a, h) ^ [a, h] is surjective, see e.g. [HI 
Corollary 6.56], or Lemma [B.ll below). This implies that the principal stabilizer for the 
G-action on G^ is equal to Z{G) For surfaces of low genus < 1, the validity of (*) 
depends on the conjugacy classes Cj. Indeed, (*) never holds for 2h + r < 2. On the 
other hand, one finds that (*) holds for /i = l,r > 1 if at least one of the conjugacy 
classes Cj is regular. For a careful description of the stabilizer groups in general, see 
Bismut-Labourie jH Section 5.5]. 



closed subgroup iJ C G of a compact Lie group is generated by 5* C G if it is the smallest closed 
subgroup containing S. 
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Using ( 1321) we obtain, 
(34) Vol(Xo(E.C))=#Z(G)volG--Hm "jdll^v^^^^' 

Aelrr(G) ^ ^ 

which is Witten's formula [22]. For h > 2, the sum is absolutely convergent at t = 0, 
and the convergence factor may be omitted. 

5.2. Connected components of the moduli space. The connected components of 
the moduh space A^g(S,C) are labeled by the topological type of the bundle. If r > 1, 
every G-bundle over S is isomorphic to the trivial bundle and therefore A1g(S,C) is 
connected. Suppose r = 0. Let D C E be a disk, and S' = S\Z). Any map 7 : dD G 
defines a G-bundle over E, by using 7 as a gluing function for trivial G-bundles over D 
and I1\D. It is well-known that this construction gives a bijection between elements of 
7ri(G') and isomorphism classes of G-bundles over E. 

We compute the volumes of the connected components, for /i > 2, as follows. Let 
n : G ^ G he the universal cover of G. For any c G vr~^(e) C Z{G) let 

<|(^) : D{G) ® . . . ® D{G) ^ G 

the unique lift such that $(^)(e, . . . , e) = c'^. The quotient -Mg^(S) = (<|('=))"i(e)/G is 
the moduli space of fiat connections on the bundle parametrized by c. We have 

cg7ri(G) 

The DH-measure m with respect to ^'-^^ has Fourier coefficients 



m^^\xx)=yo\G' \/'\';j^_^ , AGlrr(G). 



(dim V) 



Since the principal stabilizer for the G-action has i^Z{G) = 4^Z{G) 4^7[i{G) elements, 
and Vol(G) = #7ri(G) volG, Equation ([27D yields 

(35) Vol(A.-(E))^ vol E ^^£^. 

A6lrr(G') 

This agrees with Witten's result ([22], Section 4.1). Summing over all c G tti{G) we 
recover the formula for Vo1(7Wg'(S)) (as a sum over irreducible characters for G rather 
than G). 

5.3. Two-component groups. If G is disconnected, the orbit space M/G may have 
several connected components, with different principal stabilizer groups. In this section 
we consider moduli spaces of fiat G-bundles over a closed surfaces of genus h > 2 
where G is a compact Lie group which has exactly two connected components and the 
identity component G° is semi-simple. This class of groups is small enough so that nice 
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formulas exist, but large enough to include interesting examples, such as moduli spaces 
of Riemannian (non-oriented) vector bundles on surfaces. 

Lemma 5.1. IfG has two components, the principal stabilizer for the G-action onGxG 
is equal to the centralizer Za{G°) on G° xG°, and equal to the center Z{G) on the other 
components ofGxG. 

Proof. It suffices to show G generated by elements gi G G\G° and g2 G G°. Let T be a 
maximal torus of G°, and g2 & T a regular element generating T. Choose gi G G\G° such 
that Adgj^{g2) is not contained in a proper closed subgroup H <Z G° containing T. This 
is possible since {Adg-^^{g2) \ gi G G\G°} is a regular conjugacy class. Then g2, Adgj^{g2) 
generate G° and therefore gi, g2 generate G. □ 

Let G be a compact Lie group with two connected components. If Z{G) C G°, then 
Zg{G°) — Z(G°) while Z{G) C Z{G°) is the subgroup fixed under the action of the 
component group G/G". If Z{G) % G", then Z{G) = Zg{G'') contains Z(G'°), and 
Z(G')/Z(G'°) = Z2. 

Examples 5.2. (a) Let G = 0(n), n > 3. Then Z{G) = Zg{G°) = {1,-1}. The 
spaces Mg(S,C) are moduli spaces of fiat Riemannian vector bundles. 

(b) Let G = 0(2). Then Z{G) = Z2 but Zg(G'°) = S0(2). 

(c) Let G° be a compact, connected Lie group, and ip G Aut(G°) an involutive 
automorphism. Let G = Z2 x G° be the corresponding semi-direct product. If ijj 
is inner, Z{G) = Zg{G°) = Z2 x Z(G°). If ^ is not inner, Zg(G°) = Z(G°) while 



(d) Let G ^ {A e U(n)| del{Af = 1}, n > 2. Note that G is not a semi-direct 
product. One finds z[g) = Zg{G°) = {al\ a^" = 1} = Zsn. The spaces Mg(E,C) 
are moduli spaces of fiat Hermitian bundles over E, such that the square of the 
canonical line bundle is trivial. 

Let Irr(G, G°) C Irr(G) be the set of G-representations which are irreducible as G°- 
representations. The image of the map Irr(G, G°) — > Irr(G°) consists of irreducible 
representations that are fixed, up to isomorphism, by the action of the component group 



Theorem 5.3. Let G be a compact Lie group with two components, with G° semi-simple, 

be a closed surface of genus h > 2, A4°,{Ti) C MgI^) be the equivalence classes of flat 
G-bundles that reduce to fiat G°-bundles, and A1g(E) the remaining components. Then, 



Z{G) = Z(G°)^. 



G/G°. 



Vol{MUm 



#ZGm 

4^Z{G^) 



Vo1(Mgo(E)), 



and 



Vo1(A4^(E)) = (1 - 2-2'') #Z(G) volG- 



ah-2 



J2 (dimV^A) 



2-2h 



AeIrr(G,G°) 



Since we assume h > 2, the sum over A is absolutely convergent. 
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Proof. Let M = D{G) ® ■ ■ ■ ® D{G) be the fusion product of h copies of D{G), and 
$ : M ^ G the moment map. By Lemma IB. 31 from the Appendix B, all components 
of ^^^(e) meet the principal orbit type stratum of the corresponding component of M. 
Let M° = D{G°) ® • ■ ■ ® D{G°) be a fusion product of h copies of D{G°). The principal 
stabilizer is equal to Z{G) on = M\M° and to Zg{G°) on M°. An open dense 
subset of the symplectic quotient M°//G° fibers over M°//G with fiber Zg{G°) /Z{G°). 
Hence the volumes are related by a factor, ^^^y. 

To compute Vo\{M^//G), we calculate the Fourier coefficients (m^,XA) for M^. Since 
X\ vanishes on G\G° for A ^ Irr(G', 6*°), we only need to consider A G Irr(G, G"). We 
have (m^, x\) = {'^^ X\) ~ (^°) Xa)- The Fourier coefficients (m, xx) are given by fl32|) as 
usual. We claim that (m°, x\) is given by a similar formula but with G" in place of G: 

(m°,XA) =2-2'^vo1G2'^ {dimVxy-^'' 

Indeed, (nr^j^j^o), Xa) = vol(G°)^ (dim Va)^^ by the formula for G°, since x\ restricts to 
an irreducible character of G°. It follows that 

{m\xx) = (1 -2-2^) vol (dim^A)'""' 
These Fourier coefficients contribute with a factor jj^Z{G). □ 

6. Mixed DH-distributions 

In this Section we generalize the definition of DH-measures for Hamiltonian G-spaces 
(M, Ci;,$) with group valued moment map. We will associate to (M, Ci;,$) invariant 
distributions on G which are smooth at regular values of $ and which encode certain 
intersection pairings on symplectic quotients. The results of this Section depend heavily 
on techniques developed in p]. In [3l Theorem 5.2], it is shown how to calculate the 
Fourier coefficients of the mixed DH-distributions by localization techniques. 

6.1. Mixed DH-distributions for Hamiltonian G-manifolds. For Hamiltonian G- 
manifolds (M, ci;,$) with g*-valued moment maps, mixed DH-distributions were first 
introduced by Jeffrey-Kirwan in [16j, and studied in detail by Duistermaat [TT], Vergne 
|20j and Paradan [19j. The definition of mixed DH-distributions uses the framework of 
equivariant cohomology. In contrast to the above references, we will use the Weil model 
of equivariant cohomology rather than the Cartan model. 

As before we identify 0* = by a given invariant inner product, and let Cj be an 
orthonormal basis of g. The Weil algebra is the Wg = Sq® Ag, equipped with the G- 
action induced by the adjoint action on g. Let Vf = Lf ^ (g) 1 + 1 ^ be the generators 
for the G-action, if^ = 1 l^^ the contraction operators, and let 

(36) d^ = 5^(Lf « ® i)y, + kkvmyr- 

i i j.k 

Here f j, Ui are the generators of S'g, Ag corresponding to the basis e,, and fijk = [cj, ej]-ek 
are the structure constants. Then Wg together with these derivations is a G-differential 
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algebra. That is, the derivations , and d*^ satisfy (super-) bracket relations analo- 
gous to those for contractions, Lie derivatives, and exterior differential for a G-manifold 
M. Given a G-manifold M, the equivariant cohomology Hg{M) is the co homology of the 
basic subcomplex of Wq ® Q{M), consisting of invariant elements that are annihilated 
by contractions ® 1 + 1 ij. We will also need the Weil algebra with distributional 

coefficients Wq = ^'{q) ® Ag, where S'{q) is the convolution algebra of compactly sup- 
ported distributions on g. The inclusion Sq ^ £{q), Vi ^-^ -ji\t=oStei makes Wq into a 
G-differential subalgebra of Wg- 

Suppose now that (M, cuq, $o) is a Hamiltonian G-manifold. The equivariant Liouville 
form is a basic, closed element of Wg ® Q{M) defined by 

(37) Co = e-°$*Ao 
where 

(38) Ao = e-^^y^"^^ exp(-i ^ f^Jky^yJfik) S^eWg® ^(g) 

Notice that the horizontal projection P^ov^o is just e^^^S^^. Therefore, if M is compact, 
the integral of Cq over M coincides with the DH-measure: 

[ Co= [ PC^^Co = [ e"°5$„ = = mo. 

Jm Jm Jm 

Generalizing this equation, one defines for any equivariant cocycle Po G (Wg<^^{M)) basic, 
the mixed DH distribution mg" G ^^'(0)*^ by 

(39) = [ (3oU 

The map /3o 1— >■ descends to a map Hg{M) — > S'{q)^. We quote from [TB] the 
following properties of the mixed DH-distributions. mQ° is supported on the image of $0 
and has singular support in the set of singular values of $o- If is a regular value of $0, 
let the Kirwan map 

K : Hg{M) i/G($o '(0)) = H{M//G) 

be the map given by restriction to the zero level set. If M/G is connected and each 
connected component of $~^(0) meets the principal orbit type stratum. 



(40) / KiPo)expicoo) 



k ml 



/red 



00 





M//G volG dVolg 

Here (co'o)red the reduced symplectic form, and k is the number of elements in a principal 
stabilizer. 
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6.2. Mixed DH-distributions for group valued moment maps. To extend the 
construction of mixed DH-distributions to group-valued moment maps, we need a non- 
commutative version of the Weil algebra introduced in [2]. For simplicity, we will only 
discuss the case where G is 1-connected. The generalization to arbitrary compact groups 
(along the lines of Section 13.41) is straightforward. 

Let U{q) be the universal enveloping algebra, with generators Ui. It embeds into the 
convolution algebra S'{G) of distributions on G by the map Ui t— > j^\t=oSexp{tei)- The 
non-commutative Weil algebra Wg and the non- commutative Weil algebra Wg with 
distributional coefficients are the Z2-graded algebras 

yVG:=U{g)0C\{Q), Wg-=S'{G)^C\{q). 

The conjugation actions of G on g and on G induce an action on Wg, V^g- Let be 
the corresponding Lie derivatives, and = ad(xj) (graded commutator with Xj). As 
shown in |2], 

d^ = ad( ^ ^ UiXi — — ^ ^ fijk^iXjXk) 

is a differential, and makes Wg and Wg into G-differential algebras. For any G-manifold 
M, we define T-iG^M) (resp.?-^G(^)) as the cohomology of the basic subcomplex of 
Wg®^{M) (resp. Wg®^{M)). Let 

A = e-^^""^^^ T{g)5g G Wg ® ^{G). 

Now let (M, cu, $) be a group valued Hamiltonian G- manifold. From the properties of the 
form A (see [21 Proposition 5.7]) and the axioms for a space with group- valued moment 
map, it is immediate that the equivariant Liouville form 

L = e^ <I>*A G Wg ® fi(M) 
is basic and closed. Note that if we denote 

= /" ®P^l : W^ = E\G) ® Cl(s) ^ M 

JG 

then (n^ ® 1)A = T, (H^ ® !)£ = F, where T G ^](G) and F G '^{M) are the 
differential forms introduced in Section 13.21 Again the integral of L over M reproduces 
the DH-measure m = $*(F[dimM]): 

[ C = [ PZ{^)= [ TS^ = ^,u = m. 
Jm Jai Jm 

Given any equivariant cocycle /? G (Wg ® Q{M))basic we define 
(41) = / G S'{Gf. 

The map (3 vanishes on coboundaries, hence it descends to a map Hg{M) — > 

S'{Gf. 
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6.3. Exponentials. To study the properties of the mixed DH-distributions m^, we need 
to understand the relationship between the mixed DH-distributions of a Hamiltonian 
G-space (M, tuo, $o) and of its exponential. This involves the quantization map Q intro- 
duced in [2]. Let /(s) = 7 — | coth(|), and let T be the skew-symmetric tensor field on 
fl\J"nO) given by T{n)ij = f{ad^)ij. Then 

(42) Q:Wg^ Wg, f3o ^ <y'' o exp, ( exp(i T.^if iY){P,)) 

is a well-defined map, since the singularities of T are compensated by the zeroes of 
J2. It was shown in ^ that Q is a homomorphism of G-differential spaces, and for 
any G-manifold M the induced map in cohomology Hg{M) T-Cg{M) is in fact a ring 
homomorphism. The quantization map Q has the property, 

(43) Q(Ao) = e"^(l®exp*)A. 

where w G ^"^{q) is the 2- form from 12.41 Now let (M, cuq, $0) be a Hamiltonian G-space 
such that exp has maximal rank on $o(^) C g, and let (M, u;,$) be its exponential. 
Let Cq, C be the equivariant Liouville forms. Since u = ujq + ^qZU, it follows immediately 
from (USD that 

Q{Co) = C. 

Hence if Po G {Wg ® Q{M)) is an equivariant cocycle and /3 = Q{Po), then Q^PqCq) is 
cohomologous to pC. It follows that 

(44) = J5exp,(m*^ 







6.4. Intersection pairings on symplectic quotients. Let (M, u;,$) be a compact 
group- valued Hamiltonian G-space. If e is a regular value of $ let 

K : HGiM) ^ H{M//G) 

be composition of the isomorphism Q^^ : 1-Lg{M) = Hg{M), pull-back to the level set 
Hg{M) HG{^-\e)), and isomorphism HG{'i>-\e)) = H {<l>-\e) / G) . 

Theorem 6.1. For every equivariant cocycle [3 G (Wg ® VL{M))basic the. support of xn^ 
is contained in the image of and the singular support in the set of singular values of 
$. If e is a regular value of ^ and if each component o/$^^(e) meets Mprin, then 

(45) / k{(3) exp(u;,ed) = —777 -rrry- , 

Jm//g volG dVolG e 



using the notation of Theorem 4-1 



Proof Write PiPoU/^) = ® Pj with u-^ G U{g) and (3j G fi(M). Let be the 

following product structure on fl{M), 

71 72 = diagM exp(-i ^ )(7i ® 72), 
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where diagj^,^ : M — M x M is the diagonal embedding. Arguing as in the proof of 
Theorem ESI we have P^^riPC) = P^iP) P^i^) = PS^rW) © (r^*)- Integrating over 
M, the terms involving contractions Li make no contribution, and we obtain 

[ PC= [ PZ{(3C)= [ P^iiP) V5^ = y^u' ! {(3jV)5^ = y^u' ^,{(3jV\^^M]- 

JM JM JM J JM J 

Thus 

J 

Since left convolution by is a differential operator, the description of the support and 
singular support of follows. The interpretation of at the group unit e follows as 
in the proof of Theorem 14.11 by a reduction to the Hamiltonian case, using Equations 
(l4QD,(j4l. □ 

Appendix A. The spinning 4-sphere 

An interesting example of a Hamiltonian action with group valued moment map is the 
4-sphere S^. We let G = SU(2), with inner product on5u(2) given by ^1-^2 = — | tr(^i^2)- 
Cover 5*^ by two coordinate charts given as open balls < 2 in with transition 
map 



ip: t/+\{0} ^ f/-\{0}, {zr,Z2)^{-Z2,Zi)- 



\zP 



\z\ 

The map is equivariant for the standard SU(2)-action on f/^ C C^. The SU(2)- 
action on S*^ obtained in this way may be identified with the action induced from the 
embedding of 5*^ in = © M, with SU(2) acting on the first factor via the standard 
representation. Let $^ : f/^ SU(2) be given by 

^ ' ^ 2 ' \\zf ^ 2 '\ 2ziZ2 \z2\^-\zi\^ ) 

and $^(^1,2:2) = —$"^(21, 2:2). It is straightforward to verify that p*^^ = $+, so that 
$^ patch together to define an SU(2)-equivariant map $ : S"' — > SU(2). Define 

TT SlIlfTT II 2^ II ^1 

= ^11 no Re{zidzi + dz2Z2) A dlblp —-. Im(^iZ2d2;id^2) 

2||z|p W^W 

and let uj~ = u^. Again, one can check that 00^ are SU(2)-invariant and that Lp*uj^ = uj^. 

Theorem A.l. The triple (5*^,0;,$) is a group valued Hamiltonian SU (2) -manifold. 
The volume form r[4] is given in terms of the standard volume form d'Volc2 on C 
by 

\2\ 



sm[-j\z\ 

\z\ 



'wlc/+ = tt' II J II 2 ' ^Volc2 



2 
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Outline of proof. We show that (f/+, $+) is the exponential (cf. Section [673]) of a 
Hamiltonian SU(2)-manifold. Let ujq = ^{dzidzi + dz2dz2) be the standard symplectic 
structure on C^. The defining SU(2)-action on is Hamihonian, with moment map 

To compute exp($o) we use the formula 

exp(0 = cos(||e||)/+^^^]^e, ^em{2) 

II l|2 

Putting ^ = $o(-2), and using that ||$o(^)|| = ^^^y^, we obtain exp(<l>o) = The 
symplectic form uoq can be written in the form 

^0 = Re(zid^i + dz2'z2) A d||2;||^ - t— j-r lv[i{jiZ2dzidz2)- 

^11-^11 IfII 

The term ~ ||~jj4 Ini(^iZ2d2;id^2) appearing in the formulas for both uj^ and ojq is the pull- 
back of the normalized volume form d V0I52 on S'^ under the quotient map : C^\{0} — > 
CP(1). Thus 

uj^ — ujq = (sin(7r||2;|p) — 7r||2;|p)'?/'*d V0I52 . 

We want to identify this expression with ^^vj. Introduce polar coordinates by the map 
[0, 00) X S*^ 5u(2), (t, Q ^ t( where 5*^ is viewed as the unit sphere in su(2). Then 
the form w is a multiple of the normalized volume form on S'^: 

w={sm{2\m-2U\\) dVol52. 

Using again ||$o(z)|| = it follows that lu~^ = luq + ^qZU. This shows that 

{U~^,LV~^, is the exponential of the subset < 2 of the Hamiltonian SU(2)-manifold 
[C"^ ,u!o,^q). Multiplying the moment map by the central element — / G SU(2) one 
obtains (f/^, cj", $^). The volume form r[4] is obtained from Proposition \3.7\ since 

(h* 7-1/2 _ sin(||$o||) |-| 
0^ - ||<I.o|| • LJ 

The spinning 4-sphere is an example of a multiplicity free space: All reduced spaces 
for the SU(2)-action are points. The SU(2)-action extends to an action of U(2), by 
letting the central U(l) act on U+ C by e''^ ■ (^1,^2) = (e^'^^i, e^'^Z2) and on U' by 
the opposite action, e**^ ■ {zi, Z2) = {e~^'^zi,e~^'^Z2). A moment map for the U(2) action 
is given by 

^+{zi, Z2) = $"(^1, Z2) = e"^ll^ll'<l>+(zi, Z2). 

The reduced spaces by the U(l)-action are conjugacy classes of SU(2). In Hurtubise- 
Jeffrey [15], the S"^ example appears as the imploded cross-section for the double 
D(SU(2)). 
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Appendix B. Principal Stabilizers 

The following Lemma is an extension of a well-known fact about compact connected 
semi-simple Lie groups (Goto's commutator theorem, [HI Theorem 6.55]): 

Lemma B.l. Suppose G is a compact Lie group, with G° semi-simple, and assume 
that G/G° is finite cyclic. Then the restriction of the commutator map f : G x G ^ 
G, {a,b) 1-^ [a,b] to any component of G x G is onto G°. 

Proof. Note first that since the component group G/G° is abelian, the commutator map 
takes values in G°. Let xG° G G/G" be a generator. We want to show that / is onto 
G° on the component of {x'',x''), for any k,l G Z>o. Using [a,b] = [b,a]~^, we may 
assume k > I. If / > 0, let m be the largest non-negative integer such that k — ml > 0. 
Using [a,b] = [ab^'^,b] we see that / is onto G° on the component of {x^,x'') if and 
only it is onto G° on the component of {x^~^\x^). Let ki = l,li = k — ml. Iterating 
this procedure, we obtain a finite sequence kj > Ij > such that / is onto G° on the 
component of {x'^^ , x^^). The sequence terminates when Ij = 0. We have thus reduced the 
problem to the case / = 0. Since / is equivariant, it suffices to show that some maximal 
torus T C G° is in the image for this component. Lemma [6.21 below shows that one can 
find a G Ng°(T)x^ such that Ada preserves t and Ada|t has no eigenvalue equal to 1. 
Given t E T, choose ^ G t with exp((Ada —1)0 = t- Then b = exp^ satisfies 

[a, b] = exp(Ada exp(-0 = exp(Ada ^ - = 

□ 

Lemma B.2. Let g be a compact, semi-simple Lie algebra, and t C g a maximal abelian 
subalgebra. For any Lie algebra automorphism ip G Aut(g), there exists an inner auto- 
morphism G Int(g) such that ^loip preserves i, and its restriction to t has no eigenvalue 
equal to 1. 

Proof. Let 1+ C t be a positive Weyl chamber. By composing ip with an inner au- 
tomorphism, we may assume that ip takes t+ to itself, and in fact any element of 
Out(0) = Aut(g)/ Int(g) has a unique representative of this form. (That is, ip is in- 
duced from an automorphism of the Dynkin diagram of g.) We have to find a Weyl 
group element w eW such that w o%lJ\^^ has no eigenvalue equal to 1. Then any 0int(g) 
preserving t and acting as w on t will have the required property. \{ ip = 1, one can take 
w to be any Coxeter element, cf. [151 Chapter 3.16]. Suppose ip ^ \. By decomposing 
with respect to the action of V', we may assume that g contains no proper ■^/'-invariant 
ideal. We consider two cases: 

1) Assume that g is not simple. Let 1) be a simple ideal of g. Then g = ©jIq^oC))' 
where k is the order of ipQ. Let w' be a Coxeter element of f). Then w = {w', 1, . . . , 1) 
has the required property. 

2) We are left with the case of g simple. Recall that Out(g) = Z2 for the Lie algebras 
An {n > 2), Dn {n > 5) and Eq, Out(g) = 5*3 for D4, and Out(g) = {1} in all other 
cases. 
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For the Lie algebras An and Eq, and ■?/' 7^ 1, one can take w to be the longest element 
of the Weyl group. Indeed w o ?/;|t = — idt in both cases (see [lU], planche I (p. 251), 
planche V (p. 261)). For the Lie algebra D„ {n > 5), consider the standard presentation 
of the root system as the set of lattice vectors in M" of length \/2. In the standard basis 
ej of M", a system of simple roots is given by ai = ei — £2, ^2 = ^2 — ^3, ■ ■ ■ , ctn-i = 
e„_i — e„, a„ = en-i + e^. The automorphism exchanges a„_i and hence ip\iis the 
linear map changing the sign of the last coordinate in M". Take w ^ W to he a. cyclic 
permutation of the coordinates. Then w oip has no fixed vector. It remains to consider 
the case of D4. If ip is induced by a diagram automorphism of order 3, the map has 
eigenvalues the third roots of unity. The longest Weyl group element w acts as — id on t, 
hence w oip\i has no eigenvalue equal to 1. Finally, if ip is induced by the automorphism 
exchanging 03, a^, we can take w to be cyclic permutation of the coordinates as above, 
the other diagram automorphisms of order 2 are obtained from this by conjugation with 
a third order automorphism. □ 

Lemma B.3. Let G be a compact Lie group with two components and with G° semi- 
simple. For all h > 2, every connected component of every fiber of the map $ : G"^^ — > 
G, (ai,6i, . . . ,ah,bh) ^— nj=i[%'5^j] "^eefo the principal orbit type stratum (G'^'^)prm for 
the conjugation action ofG. 

Proof. For j = 1, . . . , h let pj : {G"^)^ — > G^ denote projection to the jth factor. Given a 
component X C G"^^ it is possible to choose j such that the principal stabilizer for Pj{X) 
equals that of X. (The index j is arbitrary if X = (G°)^'*; otherwise pick j such that 
Pj{X) 7^ {G°)^.) Thus X G Xprin whenever Pj{x) G (pj(X))prin. It hence suffices to show 
that for any given y G G^, g E G, the fiber pj^{y) meets each component of ^^^{g). 

Interpret G"^^ as a fusion product of h copies of the double D{G), with $ as its moment 
map. By Lemma [B. 11 the restriction of $ to any component X C G"^^ is surjective, and 
by another application of this Lemma each fiber of ^~^{g) fl X meets pj^{y)- If G° is 1- 
connected, this completes the proof since each X contains a unique component of ^^^{g). 
(Recall [H Theorem 7.2] that the fibers of the moment map for a compact, connected, 
group- valued Hamiltonian space are connected, provided the group is 1-connected.) If 
G° is not 1-connected, we construct a finite cover G ^ G, with identity component G° 
the universal cover of G°: Choose go E G such that ip '■= -^^go '■ Q ~^ Q preserves a 
maximal abelian subalgebra t C g. Any such ip has finite order k > 0, hence it defines 
an action of on G° by automorphisms. We define G = x (5°, with covering map 
G ^ G, {ip-\h) ^ gQ^h where h e G° is the image of h e G°. Let tt : G^^ ^ G^h 
be the projection. The product of commutators, $ : G"^^ G° is the moment map for 
the (?°-action. The fiber ^~^{g) is covered by the union of ^~^{g), as ^ G G ranges over 
pre-images of g. Again, Lemma [B.ll shows that the restriction of $ to any component 
X C G^'^ is surjective, and $~^(^)nX meets {Pj°'^)^^{y)- This proves the Lemma since 
^^^{9) n X is connected. □ 
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